We present new results on the correspondence between symmetries, conservation laws and variational principles for field equations in general non-abelian gauge theories. Our main result states that second order field equations possessing translational and gauge symmetries and the corresponding conservation laws are always derivable from a variational principle. We also show by the way of examples that the above result fails in general for third order field equations.
Introduction and main results
The classical Noether's theorem establishes essentially a one-to-one correspondence between the symmetries and conservation laws of a system of partial differential equations admitting a variational principle. In 1977, F. Takens [28] considered and rigorously formulated the following novel aspect of Noether's theorem: Let g be a Lie algebra of vector fields defined on the space of independent and dependent variables, and suppose that a system of differential equations is invariant under g and that each element in g generates a conservation law for the system. Does it then follow that the system arises from a variational principle, i.e., that it is the Euler-Lagrange expression of some Lagrangian function? In his original paper Takens considered the question for second order scalar equations, systems of linear equations, and metric field theories. Subsequently, Takens' results on second order scalar equations and on systems of linear equations were substantially generalized by Anderson and Pohjanpelto [3] , [4] , [26] . We refer to [3] in particular for more background material and motivation on Takens' problem.
Apart from the papers listed above, the literature dealing with the existence of variational principles for systems of differential equations admitting a Lie algebra of symmetries and the corresponding conservation laws is mainly limited to classical field theories, where the symmetry group is the infinite dimensional group of coordinate transformations of the underlying manifold and the conservation laws express the vanishing of the covariant divergence (or some variant of it) of the field equations. The classification results of Cartan [7] , Vermeil [29] , and Weyl [30] imply that second order quasi-linear field equations for the metric tensor possessing the symmetries and conservation laws of the Einstein equations necessarily arise from a variational principle. This result was later generalized to general second order equations for the metric tensor and to third order equations in the 3-dimensional case by Lovelock, [19, 21] , whose results were subsequently extended to metric-scalar [13] , metric-vector [20] , and metricbivector [22] theories. More recently, pure vector field theories with the symmetry group consisting of spatial translations and U (1) gauge transformations were treated in [5] .
In this paper we investigate the relationship between symmetries, conservation laws, and variational principles for gauge theories with a general structure group on the ndimensional Euclidean space R n . Gauge theories with a non-Abelian structure group play a central role in quantum field theories by providing a unified framework for the description of electromagnetism and the weak and strong forces [10] , and in geometry as the pivotal ingredient in the Donaldson and Seiberg-Witten theories [8, 23] . Recently, higher order gauge theories, i.e., theories with field equations or order k ≥ 3, have been developed in classical [9] , [17] as well as in quantum settings [11] , [12, p. 217] .
The primary goal of the present paper is to identify conditions under which a system of gauge field equations admitting translational and gauge symmetries and the associated conservation laws arises from a variational principle. In contrast to the results of Cartan, Vermeil, Weyl, and Lovelock, field equations of gauge theories, even in low orders, are not specified by these conditions, which rules out solving Takens' question in this situation by a brute force classification process. However, as is well known, the vanishing of the classical Helmholtz conditions for a system of differential equations guarantees the existence of a Lagrangian for the system, and our problem is rendered tractable by an analysis of these conditions for systems with the prescribed symmetries and conservation laws.
Write (x i ) for the coordinates on R n and let {e α } be a basis of the Lie algebra g of an r-dimensional Lie group G with structure constants c α βγ . A gauge field
is a g-valued 1-form on R n , where the A α a stand for the components of A. The gauge field A is subject to a system of k-th order partial differential equations 
, where D i denotes the standard coordinate total derivative operator.
In this paper we consider the following classes of symmetries and conservation laws for a differential operator T a α .
Symmetries
[S1] The operator T a α is invariant under the infinitesimal group of spatial translations
[S2] The operator T a α is invariant under the infinite dimensional group of infinitesimal gauge transformations
Conservation laws
[C2] The covariant divergence of the operator T a α vanishes identically,
Our main result is the following. 
Preliminaries
In this section we collect together some basic definitions and results from the formal calculus of variations on jet spaces most relevant to the problem at hand. For more details and proofs we refer, e.g., to [1, 25] .
Let G be an r-dimensional Lie group with Lie algebra g. We write A → R n for the bundle of gauge fields with structure group G over the n-dimensional Euclidean space R n . Fix coordinates (x i ) on R n and a basis {e α } for g, and let A α a , a = 1, . . . , n, α = 1, . . . , r, denote the components of the gauge field. Then, as a coordinate bundle,
We denote the bundle of order k, 0 ≤ k ≤ ∞, jets of local sections of A by J k (A); in coordinates
where A α a,j 1 j 2 ···j l stands for the lth order derivative variables. We also use the notation A
[l] to collectively denote all variables A α a,j 1 j 2 ···jp , p = 0, . . . , l, up to order l.
where round brackets indicate symmetrization in the enclosed indices. Then the standard total derivative operators D i are given by
When there is no danger of confusion we will employ the standard Einstein summation convention in the Euclidean space and Lie algebra indices. The flow of a vector field
on A induces a transformation on the space of section of A, and, consequently, by differentiation, it induces a local 1-parameter transformation group acting on J k (A), k ≥ 0. The associated infinitesimal generator is called the k th -order prolongation of X and is denoted by pr k X. The components of pr k X are given by the usual prolongation formula
where the X ev α a denote the components of the evolutionary form
of X and where
We will also write pr ∞ X = pr X. The vector field (6) is called projectable if the coefficients P i = P i (x j ) are functions of the independent variables x j only. In particular, the infinitesimal generators of translations (1) and gauge transformations (2) form the Lie algebra t(n)× s ga(n) of projectable vector fields acting on R n Given a differential operator
, we associate to it the source form
where
n is the volume form on R n . A vector field X on A generates a conservation law for the source form T if there are differential functions
The source form T is said to arise from a variational principle if there is a Lagrangian
We will call λ = L( 
for every projectable vector field X and Lagrangian form λ, where L denotes the standard Lie derivative operator. As in [5] , we define the Helmholtz operator H T acting on evolutionary vector fields
The components H ab,I
αβ of H T are determined by
and are explicitly given by
where E a,I
α denotes the higher Euler-Lagrange operators acting on a function F defined on some
αβ = 0 for |I| > k and that for |I| = 0, . . . , k, the components H ab,I αβ are of order at most 2k − |I|. As is well known, a source form T = E(L) arising from a variational principle satisfies the Helmholtz conditions H T = 0, or in components, H ab,I αβ = 0. Conversely, one can show that if the Helmholtz conditions H T = 0 are satisfied, then, at least locally, the source form T can be written as the Euler-Lagrange expression of some Lagrangian L; see [1] . We will thus call a source form satisfying the Helmholtz conditions locally variational.
α is a projectable vector field on A and that the source form T is invariant under the prolongation pr X of X. Then the components H ab,I αβ of the Helmholtz operator H T of T satisfy the invariance conditions
where Q Proof. We first compute
where we used the invariance of T and the fact that the Euler-Lagrange operator is equivariant under the action of the prolongation of a projectable vector field X.
Then on account of (13),
But
where, as usual, θ 
Finally, a comparison of (16) with (19) yields equation (15), as required.
QED
The following Lie derivative formula, as established in [1, 3] , is central in the proof of our main Theorem. Proposition 3. Let T be a source form and X a projectable vector field on A. Then
An extension of the Lie derivative formula (20) to non-projectable, generalized vector fields can be found in [1] . Note that for locally variational source forms T , equation (20) reduces to
if the source form is invariant under X, or more precisely, if X is a distinguished symmetry of T , while E(X ev T ) = 0, if X generates a conservation law for T ; see [1] . Thus equation (20) provides a version of Noether's theorem for projectable vector fields expressed directly in terms of the system of differential equations without the explicit use of a Lagrangian.
On the other hand, in the situation of Takens' problem, each X belonging to the Lie algebra g of vector fields under consideration is assumed to be a distinguished symmetry of the source form T and to generate a conservation law for T , leading to the conditions H T (X ev ) = 0 for all X ∈ g for the Helmholtz operator of T . A basic objective in the analysis of Takens' problem is to identify on mathematical or physical grounds interesting classes T of source forms (i.e. differential equations) and symmetry algebras g of vector fields so that one will be able to classify all g-invariant Helmholtz operators H T corresponding to T ∈ T satisfying the conditions H T (X ev ) = 0, X ∈ g. The following result, which is a generalization of those appearing in [14, 15] , is a slight but non-vacuous extension of the above conclusions furnished by the classical Noether's theorems. Proof. By assumption the Helmholtz operator H T of T vanishes, and so equation (20) reduces to
Symmetries and conservation laws
Recall that X generates a conservation law for T if and only if E(X ev T ) = 0. Thus the equivalence of [S1] and [C1] immediately follows from equation (21) . Next, with
equation (20) becomes
We integrate by parts to write the right-hand side as
after which we have
Equation (22) 
) is of order l and that for some b, β and J with |J| = l,
which is a contradiction. Thus, inductively, we see that ∇ a T a α = h α (x i ) are functions of x i only. But due to the translational invariance of the source form T , each h α must be constant. Finally, by the definition of the covariant divergence (3) and the total derivative operators (5), the covariant divergence ∇ a T 
Now apply the vector field pr Q ϕ to the above equation to see that
Combining (23) and (25) But the function ϕ ∈ C ∞ (R n , g) is arbitrary so we are able to conclude that
Due to the gauge invariance of the source form T and equation (26) 
Proof of Theorem 1
The proof of Theorem 1 relies on the following Lemma, which is a special case of a more general result presented in [2, 24] . 
Write ∂ b β,k,X for the partial differential operator
where X = (X 1 , . . . , X n ) ∈ (R n ) * is a covector on R n . Then equation (28) is equivalent to
Next let G
The operator T (30) and multilinearity, the equation
holds whenever Y is a linear combination of the covectors X 1 , . . . , X n . Consequently G 
In particular, we have that
so that it suffices to show that the first and second order Helmholtz conditions of T vanish in order to prove that the source form T is locally variational.
Next, with X = ∂/∂x p , equation (20) αβ are functions of A [2] , A [1] only, respectively. Next assume that n ≥ 3. Apply the operator ∂ a η,3,X as in (29) 
Denote the degrees of ∂ 
to (33) yields the equation
Since d 1 ≤ n − 3, it follows from (34) that the expressions B s vanish when the covectors
are linearly independent, and thus by continuity, they vanish identically, which yields a contradiction.
Hence we can assume that d 1 ≤ d 2 − 1, and so, in particular,
As above, equation (36) implies that B s = 0, N = 0, which again is a contradiction, and we deduce that the second order components H ab,ij αβ and the derivative terms ∂ a η,3,X H ij,k αγ are functions of A [1] only. But then, once more with the help of (33), we are able to conclude that in all the cases n ≥ 2, the second order Helmholtz conditions H ab,ij αβ = 0 are satisfied and that the first order components H ab,i αβ must be functions of A [2] only. With this, equation (32) 
Examples
We let κ αβ = c 
In coordinate expressions a semicolon will indicate a covariant derivative so that, for example, f In analogy with the construction presented in [5] , section 4, given a differential operator S :
with components
, we associate to it a source form T of order k + 1 on A with the components
Lemma 7. Suppose that the differential operator S has symmetries [S1] and that its components S ab α satisfy the conditions
where the s We compute
where we first used (37) and the skew-symmetry of S First, due to the skew-symmetry of the constants c αβγ = κ αν c ν βγ in α, β, γ, one immediately sees that for any functions
satisfy equations (40). Next, for definiteness, assume that the functions s 
where λ p are some constants. Write m = n(n + 1)/2 for the dimension of the symmetric product S 2 (T * R n ). Substitution of expressions (44) into (45) yields an n × m system of linear equations h p,ab q ab = λ p , p = 1, . . . , n,
for the differential functions q ab with gauge invariant coefficients
that are symmetric in the index pair a, b. Thus, in particular, the invariance condition (42) is automatically satisfied for S ab α in (44) when the q ab are constructed as functions in the coefficients h p,ab only.
Next let E a 1 b 1 ···ambm denote a non-zero rank 2m constant tensor on R n with the symmetries
One can regard E a 1 b 1 ···ambm as the permutation symbol on S 2 (T * R n ). In the case n = m = 3, a solution to (46) is furnished by
, and
and where p 1 p 2 p 3 denotes the usual 3-dimensional permutation symbol. If n ≥ 4, we set λ p = 0, p = 1, . . . , n, in which case solutions to (46) can be constructed from the n × n minors of the matrix (h p,ab ) using the standard formula 
If the Killing form κ of g is non-trivial, so in particular when g is semi-simple, we see from (50), (51) that in general, the Helmholtz operator H T of T is non-vanishing and that, consequently, part 1 of Theorem 1 does not extend to third order source forms when n ≥ 3. Additionally, equation (51) . We will omit the details in the interest of brevity.
Conclusions
In this paper we prove that a system of second order gauge field equations admitting translational and gauge symmetries and the associated conservation laws can be written as the Euler-Lagrange expression of some Lagrangian function. We also show that our result is sharp when the underlying space is at least 3 dimensional by constructing explicit examples of non-variational third-order systems with the required symmetries and conservation laws. However, the optimal form of Theorem 1 for gauge fields in 2 dimensions, which include Yang-Mills fields on Riemann surfaces [6] and the physically important theory of vortices [16] , remains an open problem. A worthwhile generalization of the present work would be to extend the symmetry group to include Lorentz transformations or conformal transformations of the underlying Minkowski space. However, results in [4] intimate that with the extended symmetry group, analysis of the associated Helmholtz conditions, with the source form T now being of third order, will become exceedingly intricate. Additionally, it would be a significant problem to determine whether the Lagrangian for a source form, whose existence is guaranteed by Theorem 1, can be chosen to be invariant under the given symmetry group. This question is tantamount to solving the invariant inverse problem of calculus of variations for Yang-Mills fields with the infinite dimensional pseudo-group generated by translations and gauge transformations. Preliminary results in this direction can be found in [27] , see also [18] .
